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Abstract 

By using the boundary-value Green-function technique 
for the Takagi equations, it is possible to calculate the 
normal absorption factor and weighted path length in 
cylinders and spheres as double integrals in angular 
coordinates of well defined functions. The results are 
easy to implement for numerical computations. Exact 
analytical expressions for both crystal geometries are 
found in the limits of the Bragg angle Ooh--+ 0 ° and 
0oh ~ 90 °. 

1. Introduction 

In a previous paper (Thorkildsen & Larsen, 1998), 
hereafter denoted TL, we have shown how to obtain 
analytical expressions for the primary extinction factor in 
cylindrical and spherical perfect crystals. The method, 
which is based on the boundary-value Green-function 
technique, is also applicable for calculating normal 
absorption factors in finite sized crystals. This concept 
involves entrance and exit surface integrations and is 
thus a novel approach for obtaining the absorption 
factors. 

In the literature (Rouse et al., 1970; Dwiggens, 1972, 
1975a,b), it has been shown how the normal absorption 
factors in cylinders and spheres can be calculated by 
performing a numerical volume integration over the 
crystal in question. Similar techniques have also been 
applied by several authors to calculate values for the 
weighted path length for spherical crystals (Weber, 1969; 
Flack & Vincent, 1978; Rigoult & Guidi-Morosini, 
1980). More recently, Clark & Reid (1995) used a 
method based on generation of Howells polyhedra 
(Howells, 1950; de Meulenaer & Tompa, 1965) to 
calculate path lengths in a 100-sided 'polycylinder' and a 
74-sided 'polysphere'. An overview of absorption-factor 
calculations is given in ch. 6.3 of International Tables for 
Crystallography, Volume C (Maslen, 1995). 

All function definitions, in Mathematica code, are 
available from the authors on request. 

2. Absorption 

2.1. General expressions 

The generalized extinction factor, y, the attenuation 
factor for the integrated power from a perfect crystal due 
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to the combined effect of multiple scattering and 
absorption, is defined in TL. The expression for a 
cylindrical crystal is? 

1 
y =  (1/~rsin2Ooh) ~ ~ f dz 

r m=m'(r) O 

x f dT*m [-- sin(7/M + Ooh)] f daP s sin0p s - Ooh) 
M(m) S(M) 

x [ah(~S, aPMlm; r)l 2 

× exp[-/zR(sin 7*s - sin ~M)/COSOoh ]. (1) 

This expansion can be used to calculate the normal 
absorption factor, A, by applying the zeroth-order 
term for the boundary-value Green functions, 
G~°)(~ s, ~Mlm'; r), in (1). For the regions which then 
contribute, 

G~°)(~ s, aPMlm'; r) = 1. (2) 

Thus, we have for the absorption factor 

1 
A=(1/~rsin2Ooh) y~. ~_, f dz 

r m=m'(r) 0 

× f d~M [-- sin0p M + Ooh)] f d~Ps sin(~s - Ooh ) 
M(m) S(m) 

x exp[-/zR(sin 7*s - sin ~pM)/COSOoh]. (3) 

The regions that have a non-vanishing zeroth-order term 
are IL, II1: and Is. IL contributes when Ooh < 45 ° only, cf  
Figs. 1 and 2. From the figures, we find that the 
integrations can be organized in three terms as given in 
Table 1. It is however possible to simplify the calcula- 
tions by introducing new coordinates x' and y' as shown 
in Fig. 3. By performing the double integration in x' and 
y', the number of integrations is reduced from three to 
one. The range of integrations in the new coordinates is 
the same for both 0 < Ooh < ~r/4 and re~4 < Ooh < re~2. 
Thus, one setup applies in the whole Ooh range (0, n-/2). 
With v ~f21/2/2, we have the transformations: 

x'= v(~M - ~s) 
Y ' =  v[Ttm + ~Ps- 2(zr-  Ooh)] 

? Notations and symbols are defined in TL. 
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wi th  an inverse:  

~,~ = v(x' + y ) +  , r -  0o, 

¢ s  = v(y' - x') + ,r - 0o,. 

The Jacobian  o f  this t rans format ion  is 1. The  setup is 
further  s implif ied by  in t roduc ing  x = vx' and  y = vy', 
wh ich  f inally leads to 

sin(~pM + 0oh) = - sin(x -F y)  

s in (~s  - 0o,) = sin(x - y -I- 20o,) 

sin ~Ps - sin ~M = 2 s i nx  cos(y - 0o,) 

d ~ s  d~r M = 2 dxdy .  

The  t ransi t ion to a sphere involves  a z integrat ion,  wh ich  
can be pe r fo rmed  as follows:l" 

1 
f dz 3(1 - z2) e x p [ - a ( 1  - z2) 1/2] 
0 

rr/2 

-2 -  3_ f d~0 sin 3 q9 e x p ( - a  sin ~p) 
0 

oo h i 2  

_ 3_ ~ [ ( _ l ) ~ / n ! ] , e ,  f dip sin 3+" tp 
- - 2  

n=O 0 

-- iF212, (! 5_), a2/4]  _ (9n /4a )12 (a )  _ (3z t /4)13(a)  ' m 2 ' 2  

(4) 
where  

a = / z R ( s i n  ~ s  - sin apM)/cos 0oh 

= 2 /zR[s inx cos(y--Oo,)] /cOSOo, ,  

pFq is a general ized hypergeomet r i c  funct ion  and  I,, is a 

t The funetionf(z) = 3(1 - z 2) is the shape function defined in TL. 

modi f i ed  Bessel  funct ion  o f  order  n (Abramowi tz  & 
Stegun,  1965). 

The  fo rmula  for the absorp t ion  factor  is then in general  
wri t ten 

A ( I z R ,  0o,) = (2/zr sin 200, ) 

20oh ~r-2Ooh 

x f dy f dxh(lzR, 0o,, x,y), (5) 
0 0 

n + Oo, 

~s 

- Ooh 

eoh 
7r-Cob n+Ooh 2~-Ooh 

Fig. 2. Contributing fields to zeroth order. An example for 0oh >_ 45 ° 
where the region IL does not exist on the exit surface. Here s = 6 or 
75 < 0o, < 77 -14°. 

~+gh 

7~-~o h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

¢h 
~-ooh ,r+o~ 7'M 2n-¢ ,  

Fig. 1. Contributing fields to zeroth order, s = 1 or 0 _< Ooh _< 45 °. 

7,+oo, 

~- 2n-0~ 

2n-30~ 

X' 

Fig. 3. Defining new coordinates x' and y' to simplify the integrations. 
The shaded area shows the actual region of integration. 
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Table 1. Surface integrations, limits in grM and grs for calculating the absorption factor 

(0, zr/4) (zr - Ooh, zr + Ooh ) 
(rr + 0oh, 2zr - 30oh ) 

(2zr - 30oh, 2zr - Ooh ) 
(Jr/4, zr/2) (zr - 0oh, 2n" - 30oh ) 

(2zr - 30oh, zr + 0o0 
Qr + 0oh, 2zr - 0oh ) 

Os 
(-@u + Dr - 20oh, @u) 

(--@M + 27r -- 20oh , --@u + 2Jr + 20oh ) 
OPM -- 2zr + 40oh, --@u + 2zr + 20oh ) 

(-%t + 2rr - 20oh, ~M) 
(%t - 2rr + 40oh, %r) 

(7zM - 2rr + 40oh, -~M + 2Jr + 20oh ) 

where the function h in the case of a cylinder is defined 
by 

h = hc(lZR, Ooh, x, y) 

def sin(x + y) sin(x -- y + 20oh ) exp(--a); (6) 

and for ihe sphere: 

h = hs(lzR, Ooh, x, y) 

d___ef Sin(X + y) sin(x -- y + 20oh){xF212, (! 5_), a 2/4] 2 ' 2  

- (9rc/4a)I2(a) - (3rc/4)Is(a)}. (7) 

2.2. Absorption in the limits Ooh--+O and Ooh-+:rf/2 

When 0oh--+ 0, we have 7t M + ~s = 2zr. A close 
examination of the three terms in the surface integrals in 
Table 1 reveals that it is only the second term that 
contributes to the absorption factor in this limit. We findt 

7l" 

A~(O;h= 0) = (2/zr) f dgrM sin 2 7z M exp(-2/xR sin_~t). 
o 

(8) 

We find: 

A°°h=°°(b = 2/zR) 

{ (: ) = ~[(-1)" /n!]b"  (3/~r) f dxsin("+3)x 
n=0 0 

× ( 0f dy sin(n+2)y) / 

As 0°h=90° ( b  " -  4/zR) 

{ (: ) = )--~[(-1)"/(n+ l)!]b" (3/zr) f dxsin("+3)x 
n=0 0 

X(:odysin(n+Z)Y)}.  

Using Mathematica (Wolfram, 1991), we then obtain 
closed expressions for the absorption factors in the two 
limiting cases: 

A°c°h=°°(ktR) = 212(2/.tR ) + [Ii(21zR)/ixR ] - (16/xR/3zr) 

x 1F2 [2, (3,2 2s-) , (/zR) 2] (10) 

In the limit Ooh --+ st/2, it is still only the second term t h a t  Ac  0oh=9°° OAR) = [/1 (4txR)/21zR] - (16/zR/3sr) 
contributes. We have: 

7 r -  

Ac(Ooh = zr/2) = (2/at) f dT~M sin 2 ~M{(1/41zR sin grM) 
0 

x [1 - exp(-4/xR sin 7zM)]}. (9) 

Using a Taylor-series expansion of the exponentials, we 
get: 

A°°h=°°(b = 2/zR) 

=°°n~___o[(-1)"/n!]b"{(2/rc)idysin("+2)y } 

A°oh=9°°(b = 4/zR) 

= ~ [ ( - 1 ) " / ( n  + 1)!]b" (2/a') dy sin("+Z)y . 
n=0 0 

These results can easily be generalized to a sphere using 
the same procedure for the z integration that led to (4). 

while 

x 1F2[1, (3, ~), 4(/zR)2] 

]" Ac is here  used for the absorpt ion factor for the cylinder, A,  for the 
sphere. 

(11) 

A°°h=°°(lzR)= [3/4(/xR)31{1 - [1 + 2/zR + 2(/zR) 2] 

x exp(-2/xR)} (12) 

As °°h=9°° (/zR) = [3/64 exp(4/zR)(/xR)3]{ 1 - exp(4/zR) 

+ 4/zR + 8 exp(4/zR)(/zR)2}. (13) 

The last two results are identical to those presented in 
International Tables for  Crystallography, Volume C, by 
Maslen (1995). 

3. Absorption-weighted path lengths 
3.1. Results for a cylinder 

The absorption-weighted path length, Tu, which enters 
into some analysis of extinction, is defined as follows 
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(Zachariasen, 1968; Becker & Coppens, 1974): 

T .  = -(1/A)(  OA / Olz). 

Using the definition of h~, (6), it follows that 

-T____~_u _ 1 f~Ooh dy fo -2°°h dx hc(l~R, Ooh, x, y) 

R - IzR f2o°°h dy aoU -2°°* dx hc(lZR, Ooh, x, y) 

with 

hc def Sin(X -k- y) sin(x -- y + 20oh ) a exp(--a). 

In the limiting cases, we have: 

Ooh = 0 °, b = 2/zR: 

-T----~ = 2 Y-~°[(-1)" /n!]b" { f °  dY sin(3+n) y} 
R OO n 7r ~,=0[(-lY/n!]b"{fo dysin (2+")y} 

= 2  

(14) 

(15) 

(16) 

5), b2/41 -9M2(b ) - 37rbI3(b ) + 4b 1F212, (½,2 
3Jrll(b) + 3zcbi2(b ) _ 4b21F212, (3 5),2 b2/4] 

Ooh = 90 °, b = 4/xR: 

T___~u = 4 Y-~,~0[(- 1)"/(n + 2)n!]b"{fo dy sin (3+") y} 

(17) 

Y~,~0[(--1)"/(n + 1)!]bn{fo dy sin(2+n) y} 

-3n'I2(b ) + 2b 1F2[1, (½, ~), b2/4] (18) 
= 4 3zrll(b)_ 2b21F2[1 ' (3,5~, b2/4 ] 

2 2 

3.2. Results for a sphere 
The transition to a sphere will now involve the z 

integration: 

1 

f dz(1 - z2) 3/2 exp[-a(1 - z2) 1/2] 
0 

zr/2 

= f dq) sin 4 q) exp(-a  sin q)) 
0 

---- (1/a){-(8a 2 / 15)xF213, (3,7_),2 a2/4] 

+ (3zr/2a)[2(a) + 3zrI3(a ) + (rca/2)la(a)}. (19) 

We may then formally write the weighted path length as 
in (15): 

-f__~_u _ 1 f~Oo~ dy fo -2°°~ dx h.(~R, Ooh, x, y) 
(20) 

1~ - ~t~ f~Ooh dy fo  -2°°h ~ hs(~l~, Ooh, x, y) 

with the function hs defined by 

hs ~ sin(x + y) sin(x - y + 20oh ) 
× {_ 4a21F213, (3,2Z),a2/ 4] + (9~r/4)(1/a)I2(a) 

+ (9rc/Z)I3(a) + (3zr/4)aIa(a)}. (21) 

In the limiting cases, we now obtain: 

Ooh = 0 °, b = 2/xR: 

? . / R =  2 F_,[(-1)"/n!]b" f dysin(a+'Oy 
n = 0  0 

x dy sin(3+") y ~_.,[(-1)"/n!]b" 
0 n = 0  

6 1 - ( 1  + b + ½ b  2 + ~b3) exp(-b) 
b 1 - (1 + b + 1 b 2) exp(-b) 

(22) 

Ooh = 90 °, b = 4/zR: 

-Tu/R = 4 { ~nY~=o[(-1)" /(n + 2)n!]bn [ ~Z dy sin(4+'O y] 

x fdysin(3+")y y~[ ( -1 )" / (n+  1)!]b ~ 
0 n = 0  

x f dysin(3+")y f dysin(2+'Oy 
0 0 

b 2F2[(2, 4), (3, 5), -b]  
2 ½ -  (l/b2)[1 - (1 + b) exp(-b)] 

(23) 

The closed expressions have been obtained using Maple 
(Char et al., 1991a,b) and are equivalent to those found 
by Rigoult & Guidi-Morosini (1980). 

4. C o n c l u s i o n s  

Analytical formulas for the normal absorption factors and 
weighted path lengths in perfect crystals in the shape of a 
cylinder and a sphere have been developed based on the 
concept of a generalized extinction factor. 

By applying the formulas for the absorption factors, 
we have calculated numerical values for the absorption 
correction A*. The tabulated values given by Maslen 
(1995, Tables 6.3.3.2 and 6.3.3.3) are all within -t-0.03% 
of our results. We find larger discrepancies when it comes 
to weighted path lengths for a sphere, cf Table 6.3.3.4 
given by Maslen. For most of the tabulated values, the 
deviations are within +0.001. However, for/zR -- 2.5, we 
find deviations within the range (-0.009, 0.018). Our 
results for the weighted path lengths in a cylinder (/zR = 
1) are in perfect agreement with those given in Table 3 of 
Clark & Reid (1995). 

References 

Abramowitz, M. & Stegun, I. (1965). Handbook of Mathema- 
tical Functions. New York: Dover. 



190 ABSORPTION AND WEIGHTED PATH LENGTHS IN CYLINDERS AND SPHERES 

Becket, P. & Coppens, P. (1974). Acta Cryst. A30, 129-147. 
Char, B. W, Geddes, K. O., Gonnet, G. H., Leong, B. L., 

Monagan, M. B. & Watt, S. M. (1991a). Maple VLanguage 
Reference Manual. New York: Springer-Veflag. 

Char, B. W., Geddes, K. O., Gonnet, G. H., Leong, B. L., 
Monagan, M. B. & Watt, S. M. (1991b). Maple V Library 
Reference Manual. New York: Springer-Veflag. 

Clark, R. C. & Reid, J. S. (1995). Acta Cryst. AS1, 
887-897. 

Dwiggens, C. W (1972). Acta Cryst. A28, 219-220. 
Dwiggens, C. W. (1975a). Acta Cryst. A31, 146-148. 
Dwiggens, C. W. (1975b). Acta Cryst. A31, 395-396. 
Flack, H. D. & Vincent, M. G. (1978). Acta Cryst. A34, 

489-491. 
Howells, R. G. (1950). Acta Cryst. 3, 366-369. 

Maslen, E. N. (1995). International Tables for Crystallography, 
Vol. C, edited by A. J. C. Wilson, pp. 520-529. Dordrecht: 
Kluwer Academic Publishers. 

Meulenaer, J. de & Tompa, H. (1965). Acta Cryst. 19, 
1014-1018. 

Rigoult, J. & Guidi-Morosini, C. (1980). Acta Cryst. A36, 
149-151. 

Rouse, K. D., Cooper, M. J., York, E. J. & Chakera, A. (1970). 
Aeta Cryst. A26, 682-691. 

Thorkildsen, G. & Larsen, H. B. (1998). Aeta Cryst. A54, 
172-185. 

Weber, K. (1969). Acta Cryst. B25, 1174-1178. 
Wolfram, S. (1991). Mathematica - A  System for Doing 

Mathematics by Computer. New York: Addison-Wesley. 
Zachariasen, W.J~I. (1968). Acta Cryst. A24, 421-424. 


